All-order resummation of the effect if running coupling α s is performed for the zero recoil sum rule for the axial current and for the kinetic operator µ 2 π . The perturbative corrections to well-defined objects of OPE proved to be very moderate. The renormalization of the kinetic operator is addressed. * Permanent address
Zero recoil sum rules
The heavy quark sum rules and the method to calculate the relevant perturbative effects to them have been discussed in detail in [14] ; I will quote here only minimal necessary equations.
The first sum rule for the spatial component of the axial current at zero recoil through terms terms 1/m 2 Q has the form
Here I
(1)A 0 is the zeroth moment of the first structure function w 1 of a heavy hadron for the axial current:
Here and in what follows the ultraviolet cutoff in the moments is assumed to be introduced via θ(ǫ − µ); of course, µ ≪ m Q must hold. I use the standard notations for the expectation values
The sum rule and the lower bound for µ 2 π was obtained using the sum rule for the vector structure function w V 1 ; for simplicity of notations below I consider the pseudoscalar "weak" current J P =ciγ 5 b and the corresponding structure function w P (the result for any similar current is the same):
The Wilson coefficients ξ depend on the concrete field-theoretic definition of µ 2 π and µ 2 G (in what follows the terms ∼ α s Λ 2 QCD /m 2 Q are neglected and, therefore, µ 2 G can be considered µ-independent, µ 2 G ≃ 3(M 2 B * − M 2 B )/4). At tree level one has ξ A (µ) = 1 , ξ π 2 (µ) = 0 .
The first -and so far the only -definition of the kinetic operator in the field theory was given in [14] : the expectation value was defined to have perturbatively ξ π 2 = 0 at any µ. Thus, to calculate µ 2 π in an external gluon field one must solve the Dirac (Pauli) equation of motion for nonrelativistic heavy quark, find the spectrum and integrate the spectral density induced by the current σ π from 0 to µ. For external soft field with frequencies much below µ this yields the classical value of (i D ) 2 [14] , therefore this is a proper definition of the operator π 2 in the quantum field theory. In general it clearly depends on µ. Given the definition, one is able to calculate its µ-dependence (mixing with unit operator) and the value of ξ A without neglecting terms ∼ µ 2 /m 2 Q in the latter.
Calculation
The technical method was explained at length in [14] and [13] ; it reduces to considering the OPE expansion in the perturbation theory. Moreover, µ 2 G vanishes in the perturbation theory to the leading order in 1/m Q ; it will be discarded below.
The new element here is calculation of effects of running α s . In one loop Euclidean calculation it is done by replacing α s by α s (k 2 ) where k is the gluon momentum. For Minkowski quantities, in particular those that are not obtained by analytic continuation from Euclid, one should use the dispersive approach (it was used as long as 20 years ago and recently attracted renewed attention; for the recent discussion see [2] ). The approach relies on using the dispersion relation for the the dressed gluon propagator:
Then (δ µν − ck µ k ν /k 2 )/(k 2 + λ 2 ) is a propagator of a gluon with mass-squared λ 2 (the longitudinal component does not contribute in the one loop diagrams), and
plays a role of the weight function for integrating over λ 2 . More details are found in [2] and papers mentioned there.
As the first step a calculation of all quantities of interest in the one loop approximation with a non-zero gluon mass is needed. At λ 2 = 0 the calculations have been done in [14] and the modifications are straightforward. The perturbative spectral densities in the lhs of the sum rules are given by the "elastic" peak of b → c transition with ǫ = 0 and by the transition into the final state c + g( k)
with ǫ = ω( k) = λ 2 + k 2 starting ǫ min = λ; The effect of the quark recoil is of the higher order in 1/m Q and is discarded for 1/m 2 Q terms. In the sum rule for µ 2
the elastic transition is absent by parity. The inelastic transition amplitudes given by Figs. 1 are modified minimally compared to calculation of [14] but require certain care. One should distinguish between ω and | k| and use the proper two-body phase space | k| dω; the scalar denominators of the propagators are ±2m Q ω. Finally, the massive gluon has three polarization propagating, instead of two for the massless one. The following trick simplifies calculation.
Since the tree gluon emission amplitude is transverse, the gluon propagator can be arbitrary redefined in the following way:
Choosing a =ã = (k 0 , − k)/2k 2 0 ≡k/2k 2 0 we arrive at the the tensor part of the propagator
n µ n ν , n = (0, k/| k|) . (10) In this way we explicitly excluded the Coulomb quanta. The last term gives the contribution of the longitudinal polarization. In this form the rest of the calculation is simple. For the perturbative sum rule (8) we get
the effect of the gluon mass is only kinematic besides the longitudinal contribution As in the original analysis [14] one can consider the sum rule for 1 3 γ k ×γ k currents:
The OPE states that all soft physics is given by the rhs ; the perturbative µdependence of the moment is thus given by that of the operators appearing in it. Differentiating over µ we would get the perturbative spectral density, which thus must have the same functional form as eq. (11) with the proper dependence on quark masses. A direct computation yields
the OPE, of course, is not violated in the one loop perturbative calculations. 1 A similar calculation for the axial current sum rule (1) yields a more cumbersome result. The elastic peak is present and results in a contribution
where r 0 (λ) has been calculated in [20] , eq. (???). The calculation of the continuum part was detailed above and yields
Resummation of perturbative corrections
Integrals of the spectral densities eq. (11) and eqs. (14) , (15) are readily calculated:
Inserting this result into the rhs of the sum rule (1) one gets
Using the explicit expression for r 0 (λ) [20] one finds
ξ A (λ) does not contain nonanalytic in λ 2 terms through order 1/m 2 Q thus showing the absence of 1/m 2 Q infrared (IR) renormalon singularity the BLM calculation. This, of course, is ensured by OPE since ξ A is peeled off of the infrared contribution below µ; 2 nonanalytic terms, on the other hand, can appear only in the infrared 2 The residual nonanalytic terms ∼ λ 3 /m 3 Q and smaller remain since the way to calculate ξ A is accurate up to such terms; they can be arbitrarily added or removed unless the operators of D = 6 and higher are incorporated; their inclusion in the similar calculation would kill the next nonanalytic terms as well.
-elsewhere the propagator 1/(k 2 + λ 2 ) is analytic in λ 2 . The cancellation thus provides an independent check of the cumbersome expression for r 0 (λ).
One also notes the absence of nonanalytic terms in µ 2 π 1 loop , in spite of nontrivial mixing. It signifies the absence of the IR renormalon inQ(i D ) 2 Q in the BLM approximation [19] (see also [13] ). The reason will be touched upon later.
To calculate the BLM-type resummed result one is to fix a particular form of the strong coupling according to one's preference. Then, for an observable A having the perturbative expansion through order α s
one has
For calculating ξ A the exact infrared behavior of the coupling is not essential since the IR domain has been removed. The most popular choice for "all-order" resummation is the literal one-loop α s :
Λ V is Λ QCD in the V -scheme [9] , Λ V = e 5/6 Λ MS QCD ≃ 2.3Λ MS QCD ; here and throughout the paper α s is the V -scheme coupling α s (k) = α MS s (e −5/6 k) neglecting higher-order effects in the β-function.
In this case one has
Using the explicit expression eq. (17) the all-order BLM result for ξ A is obtained by simple integration.
The µ-dependence of µ 2 π and of the coefficient function ξ
in this approximation is given by integrating directly the continuum parts of w pert :
Although the integrals here formally run over the "infrared domain" of λ 2 as well, they actually do not include infrared effects due to specific constraints on the moments of ρ(λ 2 ) with the weights in eqs. (25) analytic below µ 2 .
In a similar way one could have tried to resum the perturbative series in µ 2 π (µ) itself:
However, this procedure is physically senseless, no such an object can be defined and any correction beyond BLM makes it ill defined. It can be convenient, however, as an intermediate result to relate the particular field-theoretic definition of π 2 to another one if the similar calculations in the latter are made. The absence of the IR renormalon in the one-loop approximation allows at least formally assign a definite value to ∆ BLM π 2 (µ). For this reason its anatomy will be addressed below.
Analysis
In Fig. 2 I show the plot of ∆ BLM π 2 (µ); Fig. 2a shows the dimensionless ratio τ π 2 = ∆ BLM π 2 (µ)/Λ 2 V as a function of µ 2 /Λ 2 V ; Fig. 2b illustrates the absolute value for three choices of µ.
The value of
is shown in Fig. 3 ; η A (µ) must be used to calculate the physical formfactors in the OPE approach instead of η A of HQET in the model estimates. For reasonable values of µ and Λ V natural for low-energy physics (the corresponding analysis [16] suggests Λ V ≃ 300 MeV) the "perturbative" BLM-piece of µ 2 π is clearly moderate, ≃ 0.2 GeV 2 , and the latter does not depend too strongly on the renormalization point. Nevertheless, the BLM series, having a finite radius of convergence, is still divergent: the radius of convergence is given by 3
the series is sign-varying and asymptotically behaves like α s π π 2 n 5/2 cos
Even at Λ V = 300 MeV the scale µ sh where the series start to converge, α s (µ sh ) = 4/b, constitutes 1.44 GeV. The first ten terms are written below:
(this series is written in terms of the V -scheme α s (µ)). It is clear that the first BLM correction cannot represent numerically the complete result for any µ relevant for the heavy quark expansion in charm, as soon as the effects of the running of α s in this domain is taken into account. The analytic properties and the expansion are most conveniently obtained using the representation
with the contour shown in Fig. 4 . The results for ξ A are shown only in the limited range µ < 0.8 GeV; irrespectively of the actual onset of duality, values of µ above 0.7 GeV are not appropriate for OPE in charm: the power expansion runs in powers of µ/m c,b . With the running mass m c (µ) ∼ < 1.15 GeV one cannot sensibly adopt larger µ if the running of α s is accounting for: in the BLM approximation the perturbative corrections are not small in this domain and the condition µ ≪ m c must be carefully respected.
Assuming α s running one neither can allow larger values of Λ QCD ; it is enough to remind that the "standard" value of Λ MS QCD ≃ 250 MeV implies that the usual three-loop coupling hits the Landau singularity as early as at the gluon momentum ∼ 900 MeV. These arguments having a more general practical relevance will be discussed in more detail in a separate publication.
A clear illustration is merely the impact of 1/m 3 Q and higher IR renormalons in ξ A ; as shown below already at Λ MS QCD = 220 MeV one has δ 1/m 3 Q (η 2 A ) ≃ 0.05, thus making the uncertainty irreducible without an account for 1/m 3 c effect larger than the perturbative corrections themselves.
The quantity ξ A (µ 2 ; λ) calculated through terms µ 2 /m 2 c still contains nonanalytic terms ∼ λ 3 , λ 4 log λ 2 etc.:
The results shown in Fig. 3 correspond to a linear extrapolation of ξ A (µ 2 ; λ) in λ 2 from λ 2 = 0 to −Λ 2 V which almost coincides with the principal value prescription; all arbitrariness is an effect of Λ QCD /m 3 and higher terms. The corresponding uncertainties (defined as the formal imaginary part)
are still small at Λ V = 300 MeV but too significant already at Λ V = 500 MeV.
Again, the radius of convergence if the BLM series for the Wilson coefficient (discarding in an arbitrary way 1/m 3 Q and higher terms) is given by
Once more about the kinetic operator
Certain confusion exists in the literature about the expectation value of the kinetic operator µ 2 π . In the HQET a similar quantity is denoted −λ 1 ; they coincide on the classical level but generally differ in the quantum filed theory (QFT). However, a similar field-theoretic definition of −λ 1 has never been given. On one hand, −λ 1 is often defined as µ 2 π (µ) from which some calculated perturbative corrections are subtracted (different in different approaches) [24] ; on the other hand, the values deduced for such −λ 1 are also claimed for µ 2 π [24, 7] -which certainly cannot be true simultaneously.
The difference between possible definitions of the renormalized operator is seen already at order-α s perturbative corrections. They are given by two diagrams in Fig. 5 ; both diverge quadratically and must be cut off. A direct computation shows 4 that if one averages over directions of k α before integrating over k 2 , these diagrams exactly cancel each other. Therefore, if a cutoff is introduced by any function depending on k 2 , the one-loop renormalization vanishes. Clearly, one does not get renormalization in BLM resummation either.
The operator π 2 , however, is defined in [14] differently. It is easy to see that at the one loop level it corresponds to introducing θ(µ − | k |) with no constraints on k 0 . In such a case the renormalization is obviously present, and is given by c π = 4/3 [14] .
The 'Lorentz-invariant' cutoff at k 2 = µ 2 at first sight seems more convenient. However, their advantage is purely technical and applies exclusively to the perturbative calculations. It is possible to work with such definition in Euclidean theories and statistical mechanics.
On the other hand, theory of heavy quarks is essentially Minkowskian, and a Lorentz-invariant cutoff generally does not allow to formulate theory on the nonperturbative level. Imposing constraints on the timelike components of momenta leads to non-locality in time, and the standard Hamiltonian approach is not applicable. For example, a heavy hadron state |H Q over which one wants to averageQ(i D ) 2 Q is not completely defined. Using another language, the Euclidean amplitudes either cannot be continued to the physical domain, or possess wrong analytic properties there. These deep theoretical questions will be discussed in subsequent publications.
Practically, as soon as a proper particular definition of an operator is given, one can relate its expectation value to that in other schemes. For example, in routine calculations, e.g. in the QCD sum rules [12] the cutoff is extrapolated to zero in the one-loop approximation. Such a value of −λ 1 is less than µ 2 π by some small amount calculated in [14] , therefore, strictly speaking, in some practical applications µ 2 π must be taken even larger than estimates quoted in [12] . On the other hand, for purely technical reason a definition with the covariant cutoff was used in the calculation of the semileptonic widths in [13] , therefore the literal numbers of [12] was used there, which is somewhat smaller than µ 2 π discussed in [14] and in the present paper. The numerical analysis above easily allows one to use a more convenient calculation scheme in each particular case.
The advantage of the "physical" definition of µ 2 π is that it allows to derive an important lower bound
and still leads to sensible -and well-controlled -perturbative corrections in the sum rules for observable quantities.
It is important to note that the relations between properly given QFT definitions of the operators is done perturbatively and excludes the IR domain. For example, if there is no renormalon in the perturbative series for it in a certain approximation in one scheme, the same holds in any other scheme as well. This explains the absence of renormalon in the BLM series for µ 2 π (µ) noted in Sect. 2.1: with the cutoff over k 2 all terms merely vanish.
It does not contradict to presence of mixing:
Even in the large-n f approximation c π is a whole series in α s (µ), see eq. (25) . It is easy to understand this fact: calculating µ 2 π (µ) perturbatively one integrates over the 'cylinder' domain
On the other hand, the integral over the spherical domain k 2 < µ 2 vanishes. For this reason the integral can be reduced to the domain Fig. 6 ) where k 2 > µ 2 always holds and the coupling remains small. It means that in eq. (34) the coefficient c π is given by an effective coupling that never grows to infinity at finite µ in the BLM approximation. These subtleties were missed in [6] where mixing eq. (34) was equated to the presence of renormalons.
The situation is completely different in the case of the pole mass: the leading IR contribution δm Q ∼ µ comes from k 0 ∼ < k 2 m Q ∼ < µ 2 m Q ≃ 0 [17] , therefore k 2 = − k 2 and the corresponding coupling is always α s (µ) in the BLM approximation.
Conclusions
All-order BLM effects are calculated for the zero recoil sum rules within proper OPE approach. Contrary to existing claims they have quite moderate impact. In particular, for the available field-theoretic definition of the kinetic operator π 2 its expectation value obeys the inequality [10, 14, 23] 
for any normalization point µ; the normalization-point dependence is very moderate. The conclusion differs from a recent paper [24] where the first nontrivial BLM terms O(bα 2 s ) were addressed; those represent the first term of the expansion of the full function calculated in the present paper. It is seen that the series for this functions are still divergent and the calculated terms lie in the uprising domain; in this case the estimates based on the first term O(bα 2 s ) are numerically misleading. The analysis shows that for the scale governed by charm effects of running of the coupling -if addressed at all 5 -must include the whole resummation, made in the OPE-consistent way.
Moreover, the calculation of O(bα 2 s (µ)) terms in [24] missed the similar contribution from η 2 A and this is erroneous. It is only the whole set of corrections that eliminates the infrared domain from the perturbative factor. As a result of this omission the major part of the corrections came from the domain near and below the Landau singularity and therefore seems irrelevant.
It is worth mentioning that the smearing procedure considered in [24] practically does not improve the convergence: the critical value of α sh for the weight µ 2n /(µ 2n + ǫ 2n ) decreases by only a factor of 1 − 1/(2n) for the price of increasing the actual cutoff scale while the room for it is severely limited by a small value of m c .
The value of η A (µ) = (ξ A (µ)) 1/2 at a representative choice µ ≃ 0.5 GeV, Λ
all-order BLM Clearly, the perturbative corrections including BLM effects are very moderate and differ minimally from the estimate 0.98 used in the original analysis [10, 14] . The difference falls well below the effect of 1/m 3 c corrections not addressed so far. The nonperturbative corrections, on the other hand, do have a grave numerical impact on the model analysis [21, 8] (see also [22] ) where it was postulated to use ill-defined η (HQET) A (= η A (0) ) according to the routine practice of the HQET [25] . In all later publications the perturbative factor was used about 0.95 which is not supported by the analysis. Moreover, such an approach results in double-counting of the soft domain contributions. 
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